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Knots 

Unknot Trefoil 

Figure-eight 

ℝ3 



Knot Theory 

How to represent knots? 
 
show that two knots are the same? 
 
tell non-equivalent knots apart? 
 
study properties of knots? 
 



Knot Diagrams 

𝑆1    ↪    ℝ3 
[Knot] 



Knot Diagrams 

𝑆1    ↪    ℝ3 ⟶   ℝ2 

Knot Diagram 

[Knot] Projection 



Knot Diagrams 



More Specific Representations 



Knots from 3 Permutations 

 

 

 

(X1,Y1,Z1) -> (X1,Y1,Z2) -> (X1,Y2,Z2) -> (X2,Y2,Z2)  

 -> (X2,Y2,Z3) -> (X2,Y3,Z3) -> ...  

1,1,2 

1,1,3 

1,3,3 4,3,3 



Grid Diagrams 

Every knot diagram is isotopic to a grid diagram 



Knots from Two Permutations 

(4,9) -> (4,3) -> (0,3)  
  -> (0,6) -> (6,6) -> … 



The Human Knot 



[Knot projections with a single multi-crossing. Adams, Crawford, 
De Meo, Landry, Lin, Montee, Park, Venkatesh, Yhee. 2012] 

Petal Diagrams 



Projections 



Knots from One Permutation 
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Theorem [Adams et al. 2015] 

Every knot has a petal diagram. 



Crossings V Petals 

  Twist knots    Torus(n,n+1) 

  n crossings     n2-1 crossings 

  n+2 or n+3 petals   2n+1 petals 

 
[Adams et al] 



Crossings V Petals 

  Twist knots    Torus(n,n+1) 

  n crossings     n2-1 crossings 

  n+2 or n+3 petals   2n+1 petals 

 

2n+1 petals   ⇒   crossings < n2     [Adams et al] 



Crossings V Petals 

  Twist knots    Torus(n,n+1) 

  n crossings     n2-1 crossings 

  n+2 or n+3 petals   2n+1 petals 

 

2n+1 petals   ⇒   crossings < n2     [Adams et al] 

 petals < 2n   ⇐   n crossings    [E Hass Linial Nowik] 



Crossings V Petals 

Algorithm [E Hass Linial Nowik] 
 

knot diagram    permutation  

# crossings = n      ⇒   # petals < 2n 

 

 

 
Corollary 
There are at least exponentially many n-petal knots. 



Notation 

K : Permutations -> Knots 
 

 

 

 

K(1357264) =                    =  



Invariance to Rotation 

K(ρ•π)  =  K(π)  =  K(π•ρ) 

where:  ρ(x) = x+1 

 

K( 2 8 4 1 7 9 5 3 6 )  = 

   

K( 1 7 3 9 6 8 4 2 5 )  = 

 

K( 7 3 9 6 8 4 2 5 1 ) 

 



Reflection 

K(τ•π) = mirror image of K(π) 

where: τ(x) = C-x 

 

K(π) = 

    K( 2 8 4 1 7 9 5 3 6 ) 

 

K(τ•π) = 

    K( 8 2 6 9 3 1 5 7 4 ) 

 



Reverse Orientation 

K(π•τ) = inverse K(τ•π) 

 

K(π) = 

 K( 2 8 4 1 7 9 5 3 6 ) 

 

K(π•τ) = 

 K( 6 3 5 9 7 1 4 8 2 ) 

 

 



Connected Sum 

K1 
K2 

K1 # K2 



Connected Sum 

K(π) # K(σ) = K(π ⊕ 𝟏⊕ σ) 
 

       #         = 
 

K( 2 4 1 3 5 )  #  K( 1 3 5 7 2 6 4 ) = 
 

K( 2 4 1 3 5 ⊕ 1 ⊕ 1 3 5 7 2 6 4 )  = 
 

 K( 2 4 1 3 5 6 7 9 11 13 8 12 10 )  = 



The Unknot 

Question 
 

How many permutations represent the 
unknot? 

         ? 



Counting Unknots 

Theorem [E Hass Linial Nowik] 
 

Consider a random K = K(π), where π є Sn 
is uniformly distributed.  
 

1/n!!  ≤  P[K=unknot]  ≤  C/n0.1 

 

 cancellations     invariants 

          

 



Cancellation Moves 

 

K( 2 6 1 4 5 3 7 ) 

 

     2 6 1 3 7 

 

= K( 2 4 1 3 5 ) 



Cancellation Moves 

Q. How many permutations of order 2n+1  

are cancellable? 

 

Example    

5246731   

 

 

 



Cancellation Moves 

Q. How many permutations of order 2n+1  

are cancellable? 

 

Example    

5246731   

524--31 

 

 

 



Cancellation Moves 

Q. How many permutations of order 2n+1  

are cancellable? 

 

Example    

5246731   

524--31 

52----1   

 

 



Cancellation Moves 

Q. How many permutations of order 2n+1  

are cancellable? 

 

Example    

5246731   

524--31 

52----1   

------1  

 

 

 



Cancellation Moves 

Q. How many permutations of order 2n+1  

are cancellable? 

 

 

5246731   1234567 

524--31 

52----1   

------1   

 

 



Cancellation Moves 

Q. How many permutations of order 2n+1  

are cancellable? 

 

 

5246731   1234567 

524--31 

52----1  A. Between 8n∙n! and 32n∙n!  

------1  *up to poly(n) 

 

 

 



A Culprit Knot 

Q. Is every permutation in K-1(unknot) 
cancellable? 
 

A. Not! [Adams & co.]  

 

K( 1 9 3 5 7 10 2 4 8 11 6 )   

= unknot 



Knot Invariants 

I : Knots  ->  Any set 

 

 

 

 

 

 
 

 

http://www.indiana.edu/~knotinfo/ 



Knot Invariants 

I : Knots  ->  Say, numbers 
 

I o K : Permutations -> Numbers 
 

 
 

 



Knot Invariants 

I : Knots  ->  Say, numbers 
 

I o K : Permutations -> Numbers 
 

permutation  

statistics 
 

 



The Framing Number 

Framed 
Knot 



The Framing Number 

Framed 
Knot 

Framed 
Knot 



The Framing Number 

w(K)  =  #    - #  



Circular Inversion Number 

In terms of  

𝜋 ∶  ℤ2𝑛+1  →  ℝ  

 
𝑤 ∶  𝑆𝑛  →  ℤ 
 

𝑤 𝜋 =  𝑠𝑖𝑔𝑛(𝜋 𝑖 + 𝑗 − 𝜋(𝑖))

𝑛

𝑗=1

2𝑛

𝑖=0

 

 



Framing num / Circular inv 

• Antisymmetric  w(π∙τ) = w(τ∙π) = -w(π) 

• Between  -n2 ≤ w(π) ≤ n2  

• Computable in time O(n log2n) 

• Distribution for random π є S2n+1 

 
𝒘 𝑲𝟐𝒏+𝟏

𝒏
  
   𝒏→∞   

  𝐖 ∼  
𝟒

𝝅𝟐
 

𝑨𝒌

𝒌

∞
𝒌=𝟏              Ak ~ iid 

fA(x) = 1 / π cosh x 

• Equidistributed with alternating inv: 

 −1 𝑥+𝑦 𝑠𝑖𝑔𝑛(𝜋 𝑦 − 𝜋 𝑥 )
𝑥<𝑦

 



Finite Type Invariants 

Computed by Gauss Diagram Formulas, 
which represent summations over crossings 

[Vassiliev 1990]  [Polyak, Viro, Goussarov 1994, 2000]   

 

 



The Casson Invariant 

 

 
c2 = coef of x2 in the Alexander-Conway 

Polynomial and modified Jones Polynomial 

Proposition: For π є S2n+1 

c2(π) = ∑abcd* (-1)
a+b+c+d+1/24 

*over a,b,c,d є {1,...,2n+1} where 

π(1st) < π(3rd)  and  π(2nd) > π(4th) 

w.r.t. the sorted multi-set {a,b,c,d} 



The Casson Invariant 

 

 

Distribution for  

random π є S2n+1 

 

𝐸 𝑐2 = 
𝑛2 − 𝑛

24
 

 

𝑉 𝑐2 = 
8𝑛4 + 2𝑛3 − 7𝑛2 − 3𝑛

1440
 

 

 

𝐸 𝑐2
𝑘 = 𝜇𝑘𝑛

2𝑘 + 𝑂(𝑛2𝑘−1) 
 



Conjecture [E Hass Linial Nowik] 

Let vm be a finite type invariant of order m. 

For random π є S2n+1,  vm(K2n+1)/n
m weakly 

converges to a limit distribution as n -> ∞. 

 



THANK YOU! 


